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An asymptotic formula, involving integrals, is given for certain combinatorial 
sums. By evaluating a multi-integral it is then found that as n + 03, the 
codimensions c,(F*) and the trace codimensions tn(F2) of F,. the 2 x 2 matrices, 
are asymptotically equal: c,(F*) = tn(FZ). 
We assume that the reader is familiar with the notations introduced at the 
beginning of [6, 71, and is comfortable with the arithmetic of asymptotic 
equalities (-) and inequalities (5). We also assume Char(F) = 0. 
The cocharacters xn(F2) = ,&E,,d(nj m,xA are studied in [6]. The main 
resultthereisthatif~=(w,+...+o,,w,+...+w,,o,+o,,w,)andall 
Wj>2, then m,>(col t l)(w,- l)(wj+ 1) [6, Theorem 3.221. By 
comparing these (w, + I)(o, - l)(o, + 1) with the multiplicities Y,(L) of 
the S,-character v,(n) [6, Sect. 41, we showed there [6, Corollary 5.51 that 
\r c,(F,) = deg xn(F2) 2 $ 
The Procesi-Razmyslov trace identities, with trace codimensions tn(F2), 
were used [6, Sect. 51, to produce the upper bound 
c,(F,) < fJF*) = S:*‘(n t 1) [6; 5.2 and 5.31. 
The asymptotic value of Si*‘(n t 1) [7] implied that 
In this note the gap is closed. We improve the (asymptotic) lower bound for 
c,(F,) and show that it is also (4/&) . (l/nfi) . 4”, thus proving the 
intriguing result: As n -+ co, 
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c,(F*) = WZ) (~~.-&.4”). 
Our starting point is, again, the inequality m, > (0, + l)(wq - l)(w3 + l), 
but we no longer compare multiplicities with y,(n). Instead, we use the fact 
that, as n + co. 
We are thus led to consider the “combinatorial” sums S(F, I, n, a, ,f3) = 
c ,tcn,(n) J’(JY dk a > 0, /I > 0, where F(A) is some “nice” partition 
function. These sums generalize the sums S;“‘(n) [7], and we calculate their 
asymptotic values by exactly the same methods as in [7]. Special cases of 
such sums occur in combinatorics and in group representations, and the 
above relates them to multi-integrals of some special functions. This relation 
has, of course, an interest of its own. 
Applying the above to 
we find that 
7 
G(F,) 2 14 . - 2& .-5&.4”; 
where I, is a certain multi-integral. The final step is to solve that integral and 
to show that it is equal to I, = (2 fl. 7r)/4’. This is done in the Appendix, 
which was written together with P. Rabinowitz and D. Zeilberger, to whom 
many thanks are due. 
1. COMBINATORIAL SUMS 
In this section the sums S;“‘(n) and their asymptotic values, studied in [7], 
slightly generalized. No new proofs are required! The generalized formulas, 
interesting themselves, are to be applied later on. The results hint at an 
apparent relation between codimensions of P.I. algebras and some 
combinatorial sums to multi-integrals of some special functions. 
We begin by generalizing the sums S!“‘(n) [7]. This is done as follows: 
DEFINITION 1.1. Let F: u, (/i/(n)) -+ IR be any partition function; then 
S(F,l, n)= x F(l)d,. 
lEAI 
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More generally, for any a, /I > 0, we define 
Thus S!“(n) = S( 1, I, n, 1, p). The only such functions F(n) to be met later 
are “homogeneous polynomials”; hence we make 
Assumption 1.2. Let ,I E Al(n) and write A= (n/l + c, fi,..., n/l + c, fi); 
then F(A) =f(c, ,..., c,) fi, wheref(x, ,..., x,) is a homogeneous polynomial 
of degree v. 
The main theorem of [7] is Theorem 2.10, which we now recall: 
Let 
Y/ = & 
i-1 
I-1 
* P’2)12, D,(x) = D,(x,,..., x,) = ,,g,,, (Xi - Xj) 
and 
I@, I) = j . . . j (q(x))4 . e-(14/*)(4+ ‘. +x3 dx, . . . dx,- 1 ; 
Xl>...>X/ 
x,+...+xj=o 
then, as n + co, 
Sjyn) N I@ Z) . y, . f 
[ 0 
(l/4)(1-1)(/+2) 4 
* 1” . $‘-I. 
The proof of this theorem occupies Sections 1 and 2 of [7], and with 
Assumption 1.2 this same proof in fact proves 
THEOREM 1.3. (a) Let F(A) satisfy Assumption 1.2 and denote 
(f(x, ,..., x,))” (oI(~>>4 
x1+. . . +x,=0 
. 414/*)(4+“‘+4) dx ... dx _ . 
1 I 1, 
then, as n + co, 
S(F, 1, n, a, P) = r(a, P,A I) . 
provided ,f3 $0. 
(b) Let G(A) > 0 be any partition function G: 0, (A,(n)) + R, and 
TRACE IDENTITIES 233 
assume for any given a, 6 > 0, if II is large enough, then G(A) 2 F(n) for all 
A E /i ,(n, a, S). Then 
Remark 1.4. From the proof of the theorem [ 7, Sect. 1, 21 it is quite 
obvious that Assumption 1.2 is inessential. With minor changes, one can 
prove a similar statement for a wider class of functions F(1). What is 
essential is that F(A) does not identically vanish on A,(n, a, S) (n large), it 
behaves “smoothly” there, and it is polynomially bounded on n,(n). In 181, 
such a boundedness is shown to exist for the multiplicities F(A) = m, in the 
cocharacters of the k x k matrices 
x&J = x m.,xn. 
1EAk2(fl) 
Recently, A. Berele [2] proved such a boundedness for a much wider class of 
P.I. algebras, and it is conjectured that this holds for all P.I. algebras. For 
most such algebras, the actual behavior of the cocharacter multiplicities m, 
is still unclear, but it is reasonable to conjecture smoothness. All this 
suggests that the codimension sequence of a P.I. algebra determines (and is 
determined by) a certain multi-integral. For example, we see later that the 
codimensions c,(F,) of the 2 x 2 matrices are asymptotically determined by 
Z(l, l,f, 4) = I,, where f(x, ,..., 4 = (-5 -X2)(% -x3)(x3 -x4). 
Some of these sums appear naturally in combinatorics and in group 
representations. This is shown in Example 1.6, but before this, let us recall 
Transition 1.5. In Section 4 of [7] (which is due to W. Beckner), a 
transition was given from 
J 1 
. . . 46 , ,..., xl) e -(x:+...++ &, . . . &,&, 
x1>...>xr 
x,+. . . +x,=0 
to 
Cm .a- Cm q(xl,...,x,)e~‘X~+‘.‘+“~‘dx, -.. dx,, 
J-CC J-m 
provided q(x) is a function of the differences xi -xi (D,(x) is) and is 
symmetric in x, ,..., x,. Without this assumption, such a transition is usually 
impossible. 
EXAMPLE 1.6. Let (“vn be the GL(Z) character corresponding to 
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I E/i,(n), and let (‘)g, = deg(“‘yl,) be its degree. By a well-known formula 
[4, p. 2011, if L E/i,(n,a, S) and n+ co, then 
where A, = Dl( 1, 2 ,..., I) = r(l) r(2) . . . r(Z). Theorem 1.3(a) can therefore be 
applied to the sums Cle,,,(n) (cr)g,)” (d,)” (a > 0, p > 0). Consider, for 
example, the case a = p = 1. By representation theory, 
c (“‘g,) - dA = I”. 
I~Ar(n) 
Thus 
l”= [i. y,. j . . . j 
Xl>...>X/ 
[q(x),2. ,-(1/2)(x:f...+x:)dxl . . . dr,_,] 






. 1” . &p/ZW) . p-1 
or 
1 I . . . [&(x)]2 .e-(r/2)(x:+~.~+x:)d~, . ..dq.+ . . . . 
By Transition 1.5, one can now (“algebraically”) evaluate 
I* I 
O3 . . . J4(412. e-“/2j’x:+“‘+x:)d~, . . . dx,. 
-al -03 
Note that this is a special case of the Mehta conjecture, a conjecture recently 
verified by E. Bombieri by applying an integral formula of A. Selberg. 
2. F, CODIMENSIONS 
Theorem 1.3 of Section 1 is applied to find an aymptotic lower bound for 
c,(F,). An upper bound was found in [6], using the Procesi-Rasmyslov trace 
identities. By evaluating a certain (multi) integral, we conclude that the two 
bounds are asymptotically equal; hence the codimensions and the trace 
codimensions are asymptotically equal. 
We refer now to Theorem 1.3(b). Write c,(F,) = S(G, 4, n, 1, 1) = 
c ilEA4(nj m.A where G(J) = m,. Fix any a, 6 > 0, assume n is large 
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enough and let 1 E/i,(n, a, 8). Write II = (w, + . . . + w,, w1 + ... + wJ, 
m3 + w,, o,>, as well as A = (n/4 + c, 4 ,..., n/4 + c, &) .‘. wl = 
(cj- ~~+~)fi, j= 1, 2,3. By [6, Theorem 3.221, m, > (0, + l)(o, - 1) 
(w3 + 1). Since cj - cj+, > 6 > 0, and n is large, m, &“(c, ,..., c,) @, where 
f(x 13*-*,X4)=n3=1 (xj-xj+I)* 
Note: F(L) = F(n/4 + c, fi ,..., n/4 + c4 fi) =f(c, ,..., c4) fi3 satisfies 
Assumption 1.2. The functions F(L), G(A) thus satisfy the assumptions made 
in Theorem 1.3. We therefore conclude: 
PROPOSITION 2.1. As n+ co, 
. -. 
where 
.e - =: + . + x:) dx, dx, d,y, . 
Recall: Trace codimensions are always greater than codimensions. By [6, 
Corollary 5.51, 
-. G(F,)W’J-~~ n; 4”. 
THEOREM 2.2. As n -+ 00, c,(F,) N t,(F,) (=(4/h) . (l/n fi) . 4”). 





4” 5 c,,F>) < tn(Fl) N 4 . - . 
The proof of the theorem will follow once we show 
Claim 2.3. I, = (n . 2 fl),/4’. 
We show this in the Appendix. The proof of the theorem is now complete. 
At this point we obviously make 
Coqjecture 2.4. For all k, c,(F,) N t,,(FJ. 
Remarks and conjectures 2.5. Note that the inequality m, > (0, + 1) 
(w2 - 1)(w3 + 1) =(c, - c2)(c2 - c3)(cJ - c4) fi3 asymptotically captured 
c,(F,). This hints, and we therefore conjecture, that m,(F,) N o,w203. 
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Continuity of mA (as a function of c, ,..., c ) would imply that conjecture. If it 4 
is true, then the results of [6, Sect. 31 show that for a partition 
,J = (oi + w,, wz) of height 2, m, N wi . oz. This in fact is true, and is a 
consequence of [3, 51, by which results it follows, for such 
2 = (oi + w2, wJ, that m, = (w, + 1) u2 (if w2 > 1). We think that a 
reasonable conjecture for J = (oi + ..a + We,..., wq) is that m, = (wl + 1) 
w3(03 + 1) (or, maybe, m, = (wi + 1) 02(03 + 2), etc.). Note that such 
m, = F(1) satisfies Assumption 1.2. 
Now let k > 2 and write xn(Fk) = CAE,,kZ(n) m,(F,) x1. We conjecture that 
mA(Fk) satisfies Assumption 1.2 in the sense that m, 2: g(cl,..., ~~2) @, 
where g(x) is a homogeneous polynomial of degree V. If this, as well as 
Conjecture 2.4, is true, then by [6, Corollary 5.21 and by [7, Theorem 2.101, 
one finds that 
v = ;(k2 - l)(k2 - 2) 
and that 
Conjecture 2.6. Ik2 . yk2 = Jk . y: . k2, where 
I-1 
y1 = & 1(“2’12. 
( ) 
Ik2 = I I . . . dx 1 ,..., xkz) . D(x, ,.a., xkz) 
Xl>. . . >XkZ 
x1+ *. . t.Qz=o 




. . . (D(x ,,..., xk))’ . e-k(x:+“‘+X:) dx, . . 9 dxkpl. 
XI>...>Xk 
x,t.. . t+=o 
Note that in [7, Sect. 41, we reduce Jk to a “Mehta” type integral over Rk, 
thus evaluating it: Jk can be generalized and evaluated when arbitrary 
powers of Dk(x) are introduced. One thus generalizes zk2 by raising g(x) and 
Dkl(x) by two arbitrary powers. The task of evaluating these integrals as 
analytic functions of these two powers looks hard-at the moment. 
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APPENDIX: EVALUATION OF I, 
Written with P. Rabinowitz and D. Zeilberger 
We prove: 
Claim. 
I, = CII (Xl -x*)(x2 - x&3 - x4> w, -...3 x4) 
Xl>...>X4 x*+. . . +x4=0 
.e -ax:+. . . +x:, dx, dx, dx, 
= (2&x)/4’. 
Step 1. Change variables: yj = xj - xi+ i, j = 1,2,3. The Jacobian is b, 
x: + . ..+x.=fP(Y)=tP(Y,,Y,,Y,), where P(Y) = 3y: + 4y: + 3y: + 
4y, y, + 4y, y, + 2y, yx. Note that x, - x3 = y1 + y,, etc.; hence 
I~=$ O” m 
I ii 
mg(yl,y2ry3)e-‘1’2”‘Y’d~ldy2d~3, 
0 ‘0 0 
where g(Y)=Y:Y:Y:(Y, +Y2)(Y2+YJY,+Y2+YJ Now change 
(l/\/z)Yj+Yj* so 
I, = 24 jom lom loa g( y) eppcy) dy. 
Step 2. Expand g(y) = C yy yi yf and define F(a, b, c) = I,” 1217 
yy yi yie-p’Y’ dy (note that F(a, b, c) = F(c, b, a)), so I, = 24[2F(4, 3, 2) + 
2F(4,2,3) + 5F(3,4,2) + F(2,5,2) + 3F(3,3,3)]. 
Step 3. Recursive formulas. 
We need the following notation: Write pi(y) ‘p(y) IyjEO. Thus 
pl(Yzl~J = 4y: + 3y: + 4y2 y3+ etc. Also, P~(Y,,Y,)=P,(Y,,Y,). Corre- 
spondingly, F,(b, c) = J”? IF yi yse-P’(y) dy, dy,, etc.: P,(a, b) = F,(b, a), 
F,(a, c) = F,(c, a). Let E, = l? xke-12 dx; then E,, = (2n!/(22”+ ’ . n!)) fi 
and E 2n+, = in!. Also let 
~04 = 0 if a#0 
= 1 if a = 0. 
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By integration by parts with respect to vj, j = 1,2,3, we get the three 
equations 
Inverting the matrix we find the three recursions: 
~(a + 1, b, c) = $[2aF(a - 1, b, c) -@(a, b - 1, c) 
+ 24JW, c) - h&h c)l, 
F(a, b + 1, c) = $ [-aF(a - 1, b, c) + 2bF(a, b - 1, c) 
- cF(a, b, c - 1) - d,,,F,(b, c) 
+ 24,,,F,(b, cl - &,cFda, ~11, 
F(a,b,c$ l)=:[-bF(a,b- l,c)+kF(a,b,c- 1) 
- 6,. ,F,(a, b) + 2&,,F,@9 b)l. 
For F, and F, we similarly have 
F,(b + 1, c) = & [3bF,(b - 1, c) - 2cF,(b, c - 1) 
+ 3&,,b( l/j/7)‘+ ’ EC - 2&,,,( l/2)b+ ’ Eb], 
F,(b,c+ l)=&[-2bFl(b- l,c)+4cF,(b,c- 1) 
- i?&,( I/,/?)‘+ ’ E, + 46,,,( 1/2)b+ ’ Eb] 
and 
F,(b, c t 1) = &[3uFz(a - 1, c) - cF,(a, c - 1) 
•t 3L7(l/fi)C+1 Ec - &,cWfi>“+l E,l 
(and F,(a, c t 1) = F,(c t 1, a)). 
Note: We can evaluate F(0, O,O), but we do not need to do it since 
9 = a + b + c is odd. We do need F,(O, 0) and F,(O, 0). 
Step 4. 
1 
F,(O, 0) = - 
4\/2 





F,(O, 0) = - 
4Jz [ 
+-arctan 1/2fi . 
1 
Proof Substitute y, = tr cos 8, y, = f/fir sin 6, to get 
1 n/2 co 
F, (0,O) = - J [I 2fio 0
,e-r2(1+1/&Fsin28) dr do 1 
1 
I 
42 de 1 n =- 
4fi 0 1 + (l/G) sin 28 =S I 0 
Residue calculus or other methods can be applied. 
Formula 4.3.1311: 
I 
& a . tan (p/2 + b 
a + b sin a, = $y tan &qi 
239 
drp 
&i + sin fp * 
We used [ 1, p. 78, 





o a + sin a, 
By letting a = fi we find F,(O, 0). Similarly for F,(O, 0). 
Step 5. By Steps 2 and 3, 
I, = 24(1/2)3)[21F(3, 2,2) - 4F(2,4, 1) + SF(2,3,2) + 4I;(3,3, l)] 
= (1/4)[ 16F(2,21) - lOF(2, 1, 2) - 16F(3, 1, 1) + 4F(3,0,2) 
+ 24F( 1,3, 1) + 4F(2, 3,0)] 
= (1/2)4)[-14f(1, 2,0) - lOF(2, 1,0) + 21F(2,0, 1) 
+ 4E;(O, 3,O) - 2F,(2,2)] 
= (1/2’)[24F(O, 1,O) + 52F(l, 0,O) - 36F,(2,0) - 21F,(2,2)] 
= (1/2’)[7F,(O, 0) - 1/2F,(O, 0) - 36F,(2,0) - 211;,(1, 1) - 16F2(2, 2)] 
= (1/2’“)[2F,(o, 0) + F,(O, O)] 
(by Step 4) 
= (1/210)(1/4fi)(3~/2 - [2 arc tan l/\/2 + arc tan( l/2 &)I). 
Since 2 arc tan a = arc tan(2a/( 1 - a’)) and arc tan a + arc tan( l/a) = n/2, 
we find that I, = (2 fl. 7c)/4’. 
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Note added in prooJ The results of [9] confirm conjecture 2.5. Conjecture 2.4 has 
recently been proved in [ lo]. 
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